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Abstract

We study the design of grading contests between agents with private information
about their abilities under the assumption that the value of a grade is determined by the
information it reveals about the agent’s productivity. Towards the goal of identifying
the effort-maximizing grading contest, we study the effect of increasing prizes and
increasing competition on effort and find that the effects depend qualitatively on the
distribution of abilities in the population. Consequently, while the optimal grading
contest always uniquely identifies the best performing agent, it may want to pool or
separate the remaining agents depending upon the distribution. We identify sufficient
conditions under which a rank-revealing grading contest, a leaderboard-with-cutoff type
grading contest, and a coarse grading contest with at most three grades are optimal. In
the process, we also identify distributions under which there is a monotonic relationship
between the informativeness of a grading scheme and the effort induced by it.

1 Introduction

Contests are situations in which agents compete with one another by investing costly effort
to win valuable prizes. In many such situations, the prizes are not monetary and instead,
take the form of grades which may be valuable because of the information they reveal about
the abilities of the agents. Examples of such situations include classroom settings or massive
open online courses where the students compete with each other for better grades which
they can use to signal their productivity to the market and get potentially higher wages.
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In such environments, the designer can choose different grading schemes that differ in how
much information they reveal about the agents abilities, and thus, also potentially differ in
how much effort they induce from the agents. Assuming the designer cares about increasing
the effort exerted by the participants, we focus on the problem of finding the grading contest
that maximizes the effort exerted by an arbitrary agent.

Towards this objective of finding the optimal grading contest, we first characterize the
equilibrium for arbitrary prize structures and study the effect different prizes have on the
expected effort of an arbitrary agent. We find that increasing the first prize encourages
effort for all agents, increasing the last prize discourages effort for all agents, and increas-
ing any intermediate prize encourages effort from the relatively unproductive agents while
discouraging effort from the highly productive agents. The overall effect of increasing any
intermediate prize on expected effort thus depends on the distribution of abilities. In the
special cases where the density is monotone increasing in marginal cost so that the popu-
lation is predominantly unproductive, increasing any intermediate prize increases expected
effort. And when the population is predominantly productive, doing so decreases effort.

We also study the effect of increasing competitiveness of a contest on the expected effort
of an arbitrary agent. To do so, we investigate how the effects of increasing prizes compare
with each other and as with the absolute effects, we find that the relative effects also depend
on the distribution of abilities. In particular, this dependence implies that even though the
most competitiveness contest (the winner-take-all contest) maximizes expected effort among
all budget-constrained contests for any distribution of abilities (Moldovanu and Sela [22]),
it is not generally the case that effort is monotone increasing in the competitiveness of a
contest. In fact, we identify a sufficient condition on the distribution of abilities under which
increasing competition by transferring value from lower ranked intermediate prizes to better
ranked intermediate prizes reduces expected effort.

Using these results on the effect of increasing prizes and competition on effort, we find
that the design of optimal grading contest also depends in an important way on the distri-
bution of abilities. Roughly speaking, if the distribution is such that competition encourages
effort, the optimal grading contest is either a fully separating rank revealing contest or a
leaderboard-with-cutoff type contest that reveals the rank of the top k agents while pooling
the remaining together. And if the distribution is such that increasing competition with re-
spect to intermediate prizes reduces effort, the optimal grading contest is a relatively coarse
grading scheme that has at most three different grades and reveals the rank of the best
agent. This is because under the signalling mechanism where the value of a grade is de-
termined by the information it reveals about the agent’s types, more informative (or finer)
grading schemes induce prize vectors that are more competitive than those induced by less
informative (or coarser) grading schemes. The results then follow from the analysis of how
competition effects effort. While the optimal grading contest depends on the distribution
of abilities, it always uniquely identifies the best performing agent. This is perhaps consis-
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tent with how schools and other safety and environmental organizations sometimes provide
awards that highlight the best performers while providing more coarse information about
the remaining agents.

Literature review

There is a vast literature studying the optimal contest design problem of allocating a fixed
budget across different prizes so as to maximize total effort. In the incomplete information
environment, the literature has generally shown that allocating the entire budget to the first
prize (winner-takes-all) is optimal, irrespective of the distribution of abilities (Glazer and
Hassin [11], Moldovanu and Sela [22, 23], Zhang [37], Liu and Lu [20]). In comparison, in the
complete information setting, distributing the budget equally amongst the top n− 1 prizes
has been shown to be optimal (Glazer and Hassin [11], Barut and Kovenock [1], Letina,
Liu, and Netzer [17])1. Recently, Fang, Noe, and Strack [10] generalized this finding in
the complete information setting by showing that effort is actually monotone decreasing
in the competitiveness of contest. Our paper contributes to the literature on incomplete
information environment by illustrating that effort is actually not monotone increasing in
the competitiveness of the contest, as perhaps the optimality of the winner-take-all contest
might suggest. In particular, if the value of the first prize was exogenously fixed or bounded
(as it is with grading contests), it is not always the case that an effort-maximizing designer
would simply go down the ranks allocating as much prize money as possible until it runs
out of budget. And in fact, we identify distributions for which the designer would actually
want to allocate the remaining budget equally among the intermediate n− 2 prizes in order
to maximize effort.

There is also a growing literature studying the design of grading contests. The papers
generally differ in whether they allow for relative or absolute grading schemes, and also in
their assumptions about how the grades translate to prizes. Our paper contributes to the
strand of literature studying relative grading schemes where the value of a grade comes from
the information they reveal about the agents types. In closely related work, Moldovanu
et al. [24], Immorlica et al. [14] study the design of grading schemes assuming agents only
care about the number of agents in categories below and above them. Focusing on relative
grading schemes, Moldovanu et al. [24] identify distributions under which a rank-revealing
contest and coarse contests with just two grades may be optimal. Immorlica et al. [14] allow
for more general grading schemes and find that the optimal grading scheme is a leaderboard
with a cutoff so that agents below the cutoff effort level are pooled together while those
above the cutoff are assigned unique ranks. In comparison to these papers and other work
in the literature on contests with incomplete information, our distributional assumptions
allow for the possibility of extremely productive agents with negligible marginal costs of

1Sisak [34], Vojnović [36] provide detailed surveys of the literature on this optimal contest design problem.
More general surveys of the theoretical literature in contest theory can be found in Corchón [7], Vojnović
[36], Konrad et al. [15], Segev [31].
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effort. We believe this is reasonable especially with the technological advances happening
around us. This possibility of genius agents makes our distributional assumptions disjoint
from those in the literature and more importantly, allows us to obtain additional results
and insights about the effect of grading schemes on effort. There is also other related work
studying grading schemes in models that are significantly different from ours (Harbaugh and
Rasmusen [12], Boleslavsky and Cotton [3], Onuchic and Ray [26], Ostrovsky and Schwarz
[27], Chan et al. [6], Zubrickas [38], Rayo [29], Krishna et al. [16], Rodina et al. [30]). Gen-
erally speaking, the papers either offer alternative rationales for discarding information with
coarse grading schemes or find that a leaderboard-with-cutoff type of mechanism is optimal
for maximizing effort.

The paper proceeds as follows. In section 2, we present the general model of a contest in
an incomplete-information environment and note some useful facts that will be important for
our analysis. Section 3 characterizes the symmetric Bayes-Nash equilibrium of the contest
game and studies the effect of prizes and competition on effort. In section 4, we introduce
and discuss our application to the design of grading contests. Section 5 concludes. All proofs
are relegated to the appendix.

2 Model

There are n ≥ 2 ex-ante identical risk-neutral agents. Each agent has a privately known
ability parameter θi ∈ [0, 1] which defines its marginal cost of exerting effort and is drawn
independently from a common distribution function F (.). We refer to F (.) as the distribution
of abilities and assume that it admits a differentiable density function and also that there
aren’t too many agents who are incredibly productive.

Assumption 1. The distribution of abilities F (.) is such that

• it admits a differentiable density function f(.) = F ′(.),

• limθ→0 f(θ)F (θ) = 0 and limθ→0
θ2

F−1(θ)
= 0.

The n agents compete in a contest. A contest with n agents is defined by a prize vector
v = (v1, v2, . . . , vn) such that vi ≥ vi+1 for all i ∈ {1, 2 . . . , n − 1}. Given a contest v, each
agent i simultaneously chooses an effort (or bid) level xi. The agents are ranked in order of
the efforts they exert and awarded the corresponding prizes. If agent i exerts effort xi and
wins the jth prize, its payoff is

vj − θixi.

A contest v, together with the distribution of abilities F (.), defines a Bayesian game
between the n agents where an agent’s strategy σi : [0, 1] → R+ is a mapping from its ability
θi to the level of effort xi it exerts. We will focus on the symmetric Bayes-Nash equilibrium
of this contest game. This is a strategy profile where all agents are playing the same strategy
gv : [0, 1] → R+ and an agent’s expected payoff from playing gv(θ) when its ability is θ is at
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least as much as its expected payoff from playing anything else given that all other agents
are playing the strategy gv(.).

We will assume the designer prefers a contest v over v′ if and only if E[gv(θ)] ≥ E[gv′(θ)]
where gv(.) represents the symmetric Bayes-Nash equilibrium function under prize vector v.

Notation and Facts

In our analysis, we make use of some notation and facts that we note here.
We will denote by pi(t) the probability that a random variable X ∼ Bin(n− 1, t) takes

the value i− 1. That is,

pi(t) =

(
n− 1

i− 1

)
ti−1(1− t)n−i.

We note the following about pi(t).

Lemma 1. For any n ∈ N, i ∈ {1, . . . , n− 1} and k > 1− i,∫ 1

0

tkp′i(t)dt = −k

(
n− 1

i− 1

)
β(i+ k − 1, n− i+ 1)

where β(., , ) represents the Beta function.
Also, for i = n, we have ∫ 1

0

tkp′n(t)dt =
n− 1

n+ k − 1
.

Next, given a distribution function F (.) on [0, 1], we define a function h : (0, 1] → R+ by

h(t) =
t

F−1(t)
.

Some of our results depend on the distribution of abilities and in particular, it will depend
on whether h(.) is monotone increasing or decreasing or if it is concave or convex. We note
here the conditions of F (.) that are sufficient for h(.) to have these properties.

Lemma 2. Suppose F (.) is the distribution of abilities on [0, 1] and h(t) = t
F−1(t)

.

1. If f(.) = F ′(.) is increasing (decreasing) in t, then h(.) is increasing (decreasing) in t.

2. If
f(t)t2

F 2(t)
is increasing (decreasing) in t, then h(.) is convex (concave) in t.

In particular, for the distribution F (θ) = θp with p > 1
2
, we can check that h(t) is in-

creasing and concave for p ≥ 1 and it is decreasing and convex for 1
2
< p ≤ 1.
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And for the distribution F (θ) = 1 − (1 − θ)p, we can check that h(t) is decreasing and
concave for p ≥ 1 and it is increasing and convex for 0 < p ≤ 1.

A key idea that we will use repeatedly in our analysis is the following. If f : [0, 1] → R
is a function that crosses zero exactly once and integrates to zero, then we can tell the sign
of

∫ 1

0
f(x)g(x)dx based on whether g : [0, 1] → R is monotone increasing or decreasing.

Lemma 3. Suppose f : [0, 1] → R is such that

1.
∫ 1

0
f(x)dx = 0,

2. ∃c ∈ (0, 1) such that f(x) ≤ 0 for x ≤ c and f(x) ≥ 0 for x ≥ c.

Then, for any increasing (decreasing) function g : [0, 1] → R,∫ 1

0

f(x)g(x)dx ≥ (≤)0.

The idea is that if g(.) is monotone increasing, it is essentially adding extra weight to
the region of f(.) where it is positive as compared to where f(.) is negative. Since the area
under f(.) itself is zero, it follows that the area under f(.) ∗ g(.) must be positive.

3 Equilibrium

First, we find the Bayes-Nash equilibrium of this game. In a similar setup but with agent’s
marginal costs bounded away from zero, Moldovanu and Sela [22] characterized the Bayes-
Nash equilibrium in this setting. The same characterization extends to this case.

Lemma 4. Suppose there are n agents and the distribution of abilities F (.) satisfies As-
sumption 1. For any contest v, there is a unique symmetric Bayes-Nash equilibrium and it
is given by

gv(θ) =
n∑

i=1

vimi(θ)

where

mi(θ) = −
∫ 1

F (θ)

p′i(t)

F−1(t)
dt.

Note that we can rewrite the equilibrium function as

gv(θ) =
n−1∑
i=1

(vi − vi+1)

∫ 1

F (θ)

−
∑i

j=1 p
′
j(t)

F−1(t)
dt

which makes it clear that the effort gv(θ) is monotone decreasing in marginal cost θ.
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It follows from the characterization that the expected effort exerted by an arbitrary agent
under a contest v is

E[gv(θ)] =
n∑

i=1

viE[mi(θ)].

To understand the effect of manipulating the values of prizes on expected effort, we need
to find E[mi(θ)] for i ∈ {1, . . . , n}.

Theorem 1. Suppose there are n agents and the distribution of abilities F (.) satisfies As-
sumption 1. Let h(t) = t

F−1(t)
.

1. E[m1(θ)] > 0.

2. E[mn(θ)] < 0.

3. If h(t) is increasing, E[mi(θ)] > 0 for any i ∈ {2, . . . , n− 1}.

4. If h(t) is decreasing, E[mi(θ)] < 0 for any i ∈ {2, . . . , n− 1}.

To prove the result, we first show that under Assumption 1,

E[mi(θ)] = −
∫ 1

0

p′i(t)h(t)dt. (1)

Now since p′1(t) < 0 and p′n(t) > 0 for all t ∈ [0, 1], it follows that the first prize always
has a positive effect while the last prize always has a negative effect on expected effort. In
comparison, observe that for any intermediate prize i ∈ {2, 3, . . . , n − 1}, p′i(t) is initially
positive and then negative. Because of this property of p′i(t), the effect of any intermediate
prize actually depends on the distribution of abilities F (.). And in particular, when the
distribution such that h(). is monotone, we can apply Lemma 3 to get the result because∫ 1

0
p′i(t)dt = pi(1)− pi(0) = 0.

From Lemma 2, we know that a sufficient condition for h(.) to be monotone is that the
density function f(.) is monotone. This gives us the following corollary.

Corollary 1. Suppose v and w are two contests such that vi > wi for some intermediate
prize i ∈ {2, . . . , n− 1} and vj = wj for j ̸= i.

1. If the density f(.) is monotone increasing, E[gv(θ)] ≥ E[gw(θ)].

2. If the density f(.) is monotone decreasing, E[gv(θ)] ≤ E[gw(θ)].

In words, if the population is predominantly unproductive (density is increasing in
marginal cost θ), then the intermediate prizes have an encouraging effect on effort. And
if the population is predominantly productive (density is decreasing in marginal cost θ),
these prizes have a discouraging effect on expected effort. Intuitively, this is because increas-
ing the value of intermediate prizes has opposite effects on the effort of the highly productive
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and unproductive agents (as illustrated in Figure 1). On one hand, it incentivizes the rel-
atively unproductive agents, who are generally winning the worse prizes, to exert greater
effort and win these intermediate prizes. On the other hand, it reduces the incentive for the
highly productive agents, who are generally winning the best prizes, to fight for the best
prizes because they are now happy to settle for these intermediate prizes. As a result of this
single-crossing property of the equilibrium functions, the overall expected effect depends on
whether the population is predominantly productive or unproductive2. We also note here
that any contest v induces greater expected effort from a more productive population and
thus, there is value for the contest designer in running training programs than enhances the
productivity of the participants if it cares about increasing effort3.

Next, we study the effect of competition on effort. To do so, we need to be able to
compare E[mi(θ)] and E[mj(θ)] for i, j ∈ {1, 2, . . . , n}.

Theorem 2. Suppose there are n agents and the distribution of abilities F (.) satisfies As-
sumption 1. Let h(t) = t

F−1(t)
.

1. E[m1(θ)] > E[mi(θ)] for any i ∈ {2, . . . , n}.

2. If h(t) is concave, E[mi(θ)] > E[mj(θ)] for any i < j and i, j ∈ {2, . . . , n− 1}.

3. If h(t) is convex, E[mi(θ)] < E[mj(θ)] for any i < j and i, j ∈ {2, . . . , n− 1}.

The proof proceeds by using Equation 1 to get that for any i, j ∈ {1, 2, . . . , n} with i < j,

E[mi(θ)]− E[mj(θ)] =

∫ 1

0

(p′j(t)− p′i(t))h(t)dt.

For the first prize, we know that (p′j(t)−p′1(t))t > 0 is initially positive and then negative.

Moreover, it follows from Lemma 1 that
∫ 1

0
(p′j(t)− p′i(t))tdt = 0. Since 1

F−1(t)
is a monotone

decreasing function, we can apply Lemma 3 to get that E[m1(θ)] > E[mj(θ)] for any j ∈
{2, . . . , n − 1}. When both i and j are intermediate prizes, it is no longer the case that
(p′j(t)−p′i(t))t has this cutoff property. However, under Assumption 1, we can use integration
by parts to further simplify the integral so that

E[mi(θ)]− E[mj(θ)] =

∫ 1

0

(pi(t)− pj(t))h
′(t)dt.

Now again, if h′(t) is monotone, we can apply Lemma 3 and this gives the result.

2We can prove stronger versions of Corollary 1 by using the single-crossing property of the equilibrium
functions gv(.) and gw(.). More precisely, we can show that if the density f(.) is increasing, E[U(gv(θ))] ≥
E[U(gw(θ))] for any increasing and concave function U and if the density f(.) is decreasing, E[U(gv(θ))] ≤
E[U(gw(θ))] for any increasing and convex function U .

3Formally, if F (.) and G(, ) are distributions such that F (θ) ≤ G(θ) for all θ ∈ [0, 1], then for any contest
v, E

[
gGv (θ)

]
≥ E

[
gFv (θ)

]
.
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From Lemma 2, we know that a sufficient condition for h′(t) to be monotone is that the

function f(t)t2

F 2(t)
is monotone. This gives us the following corollary.

Corollary 2. Suppose v and w are two contests such that v1 = w1, vn = wn, and v majorizes
w (i.e.

∑k
i=1 vi ≥

∑k
i=1 wi for all k and

∑n
i=1 vi =

∑n
i=1wi).

1. If
f(t)t2

F 2(t)
is monotone increasing in t, E[gv(θ)] ≤ E[gw(θ)].

2. If
f(t)t2

F 2(t)
is monotone decreasing in t, E[gv(θ)] ≥ E[gw(θ)].

The result follows from the fact that if v majorizes w, then v can be obtained from w by
a sequence of transfers from lower ranked prizes to better ranked prizes. And by Theorem
2, each of these transfers moves expected effort in the same direction depending upon the
distribution. Intuitively, when value is transferred from lower ranked intermediate prize to
a better ranked intermediate prize, the effort of the most productive agents goes down, the
effort of moderately productive agents goes up, and the effort of the least productive agents
also goes down (as illustrated in Figure 1). In other words, the equilibrium functions gv
and gw satisfy a double crossing property and the overall expected effect depends on the

distribution of abilities. While we are not sure of how to interpret the condition on f(t)t2

F 2(t)

in terms of what it means for the distribution of abilities, we note what it implies for two
parametric classes of distributions, f(θ) = pθp−1 and f(θ) = p(1 − θ)p−1, in Table 1. With
p < 1, the designer puts arbitrarily large weight on agents with either extremely high or
low productivity, and thus, increasing competition reduces expected effort. In contrast, with
p > 1, the designer puts a reasonable weight on agents who are moderately productive, and
thus, increasing competition encourages effort.

(a) Single-crossing property under
increasing prizes

(b) Double-crossing property under
increasing competition

Figure 1: Effect on manipulating prizes on equilibrium effort with n = 4 and F (θ) = θ2
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Perhaps surprisingly, it is not always the case that the effect of any intermediate prize
dominates that of the last prize4. Consider the distribution class F (θ) = θp. For p > 1

2
, we

can use Lemma 1 to get that for any i ∈ {2, . . . , n− 1},

E[mi(θ)] =
p− 1

p

(
n− 1

i− 1

)
β(i− 1

p
, n− i+ 1) and E[mn(θ)] = −(n− 1)

n− 1
p

.

And in particular for n = 3 agents, E[m2(θ)] =
2p(p− 1)

(3p− 1)(2p− 1)
and E[m3(θ)] =

−2p
3p−1

.

Comparing them, we get that E[m2(θ)] < E[m3(θ)] if
1
2
< p < 2

3
, and E[m2(θ)] > E[m3(θ)] if

p > 2
3
. Thus, if the three agents are likely to be highly productive, transferring value from

the third prize to the second prize will actually reduce expected effort.

4 Grading contests

Now suppose the n agents compete in a grading contest. A grading contest with n agents
is defined by a strictly increasing sequence of natural numbers G = (n1, n2, . . . , nm) such
that nm = n. Given grading contest G, each agent i simultaneously chooses an effort (or
bid) level xi. The agents are ranked in order of the efforts they exert and awarded the
corresponding grades. The top n1 agents get grade (or signal) s1, the next n2 − n1 get s2,
and more generally, the nk − nk−1 agents ranked between nk−1 + 1 and nk (both inclusive)
get grade sk.

We assume that the value of a grade for an agent is derived from the information it
reveals about its ability. Formally, we assume there is a monotone decreasing wage function
w : [0, 1] → R+ mapping an agent’s ability θi to its wage. The interpretation is that if the
agent’s ability θi was known, it would be offered a wage equal to w(θi). While the ability of
an agent is its private information, its grade sk potentially reveals some information about
its ability. Note that the information revealed by a grade depends on the strategies played
by the agents5. For our analysis, we will focus on the case where the market assumes that
the agents effort is monotone decreasing in their marginal cost. With this restriction, if an
agent obtains a grade sk under a grading contest G, it reveals that this agent ranks between
nk−1+1 and nk (both inclusive) in terms of ability in a random sample of size n. We assume
that the value of the grade sk for this agent is its expected wage given this information.

4Note that the arguments used to prove Theorem 2 for the first prize and the intermediate prizes do not

apply with the last prize because
∫ 1

0
(p′n(t)− p′i(t))tdt = 1 and also

∫ 1

0
(pn(t)− pi(t))dt = 1.

5For instance, a trivial symmetric equilibrium is one where grades don’t reveal any information about an
agent’s ability so that all agents are offered a wage of E[w(θ)], irrespective of their grade. Then, it is indeed
the case that all agents exert zero effort, irrespective of their ability. And thus, the grade obtained by an
agent actually doesn’t reveal any information about its ability.
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Assumption 2. Given a grading contestG = (n1, n2, . . . , nm), agent i’s value from obtaining
grade sk is given by

E[w(θi)|θ(nk−1) < θi ≤ θ(nk)]

where θ(i) denotes the ith order statistic in an i.i.d. sample θ1, θ2, . . . , θn.

Finally, if agent i puts in effort xi and obtains a grade sk in grading contest G leading
to a value of vi = E[w(θi)|θ(nk−1) < θi ≤ θ(nk)], its final payoff is simply

vi − θixi.

We are interested in finding the grading contest G that maximizes expected effort.

First, we obtain a useful representation for the prize vector induced by an arbitrary
grading contest.

Lemma 5. Suppose w(.) is a monotone decreasing wage function and let

v∗i = E[w(θ)|θ = θ(i)].

Under Assumption 2, any grading contest G = (n1, n2, . . . , nm) induces a monotone decreas-
ing prize vector v(G) = (v(G)1, v(G)2, . . . , v(G)n) where

v(G)i =
v∗nj−1+1 + v∗nj−1+2 + · · ·+ v∗nj

nj − nj−1

and j is such that nj−1 < i ≤ nj.

With this representation, we can use Theorems 1 and 2 to describe the structure of
optimal grading contests under various distributional assumptions.

Theorem 3. Suppose there are n agents and the distribution of abilities F (.) satisfies As-
sumption 1. Let w(.) be a monotone decreasing wage function and h(t) = t

F−1(t)
.

1. If h(t) is increasing and concave, then the grading contest G = (1, 2, . . . , n) maximizes
expected effort among all grading contests.

2. If h(t) is increasing and convex, then the grading contest G = (1, n− 1, n) maximizes
expected effort among all grading contests.

3. If h(t) is decreasing and concave, then there exists k ∈ {1, 2, . . . , n} such that the grad-
ing contest G = (1, 2, . . . , k, n) maximizes expected effort among all grading contests.

4. If h(t) is decreasing and convex, then there exists k ∈ {1, 2, . . . , n} such that the grading
contest G = (1, k, n) maximizes expected effort among all grading contests.
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Intuitively, if G and G′ are two grading contests such that G is more informative than G′

(G′ is a subsequence of G), it follows from Lemma 5 that v(G) is more competitive v(G′)
(v(G) majorizes v(G′)). Now we know from Theorem 2 that when h(t) is concave, increas-
ing competition encourages effort and thus, the designer can encourage effort by making the
grading scheme more informative. Thus, we observe that when h(t) is concave, the optimal
grading contest is either a fully separating rank revealing contest or a leaderboard-with-
cutoff type contest that reveals the rank of the top k agents while pooling the remaining
together. In comparison, when h(t) is convex, increasing competition discourages effort and
thus, the designer can encourage effort by making the grading scheme less informative. As
a result, we see that when h(t) is convex, the optimal grading scheme discards information
with coarse grading scheme that involve at most three different grades. Note that we are
unable to extend the ideas fully in the case where h(t) is decreasing because in that case, we
do not know for sure how the effect of the last prize compares with that of the intermediate
prizes.

To prove the result, we first show that for any distribution of abilities, the effort-
maximizing grading contest must uniquely identifies the best-performing agent. This follows
from the fact that the expected marginal effect λ1 = E[m1(θ)] > E[mj(θ)] = λj for any
j ∈ {2, . . . , n}. With additional distributional assumptions, we then use Theorems 1 and 2
to obtain a ranking of the expected marginal effects of the n − 2 intermediate prizes. The
results then follow naturally from these rankings.

Finally, we summarize our results in the following table by identifying parametric classes
of distributions that satisfy the conditions in the four different cases and describing the order
of expected marginal effects and the structure of the effort-maximizing grading contests in
these cases.

Density f(θ) h(t) = t
F−1(t)

Order (λi = E[mi(θ)]) Grading contest

pθp−1, p > 1 incr., concave λ1 > λ2 > · · · > λn−1 > 0 > λn (1, 2, 3, . . . , n)

p(1− θ)p−1, 0 > p > 1 incr., convex λ1 > λn−1 > λn−2 > · · · > λ2 > 0 > λn (1, n-1, n)

p(1− θ)p−1, p > 1 decr., concave λ1 > 0 > λ2 > λ3 > · · · > λn−1; 0 > λn (1,2,. . . , k, n)

pθp−1, 1
2
< p < 1 decr., convex λ1 > 0 > λn−1 > λn−2 > · · · > λ2; 0 > λn (1,k,n)

Table 1: Order of expected marginal effects and structure of optimal grading contests
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5 Conclusion

We study the design of grading contests among agents with private information about their
abilities under the assumption that the value of a grade comes from the information it re-
veals about their ability. Towards the goal of finding the effort-maximizing grading contest,
we study the effect of increasing prizes and increasing competition on effort in standard
contests with incomplete information. We find that the effects depend qualitatively on the
distribution of abilities in the population. More precisely, we find that if the population is
predominantly productive, increasing any intermediate prize discourages effort while if the
population is predominantly unproductive, doing so encourages effort. For the effect of com-
petition, we find that even though the most competitive contest (winner-take-all) maximizes
effort among all contests with a fixed budget, it is not generally the case that effort is mono-
tone increasing in the competitiveness of a contest. In fact, we identify a sufficient condition
on the distribution of abilities under which increasing competition by transferring value from
lower ranked intermediate prizes to better ranked intermediate prizes reduces expected effort.

We discuss implications of these results for the structure of effort-maximizing grading
contests. Under the signalling assumption, more informative grading schemes induce more
competitive prize vectors and thus, the structure of the optimal grading contest also de-
pends on the distribution of abilities in the population. While the optimal grading contest
always uniquely identifies the best-performing agent, the decision to pool or separate the re-
maining agents depends on the distribution. We identify sufficient conditions under which a
rank-revealing grading contest, a leaderboard-with-cutoff type grading contest, and a coarse
grading contest with at most three grades are optimal.
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A Proofs for Section 2 (Model)

Lemma 1. For any n ∈ N, i ∈ {1, . . . , n− 1} and k > 1− i,∫ 1

0

tkp′i(t)dt = −k

(
n− 1

i− 1

)
β(i+ k − 1, n− i+ 1)

where β(., , ) represents the Beta function.
Also, for i = n, we have ∫ 1

0

tkp′n(t)dt =
n− 1

n+ k − 1
.

Proof. For any i ∈ {1, . . . , n− 1} and k > 0,

∫ 1

0

p′i(t)t
kdt = tkpi(t)|10 −

∫ 1

0

ktk−1pi(t)dt

= −k

(
n− 1

i− 1

)∫ 1

0

ti+k−2(1− t)n−idt

= −k

(
n− 1

i− 1

)
β(i+ k − 1, n− i+ 1)

When k is a non-negative integer, the integral equals −k
(n− 1)!(i+ k − 2)!

(i− 1)!(n+ k − 1)!
.

Lemma 2. Suppose F (.) is the distribution of abilities on [0, 1] and h(t) = t
F−1(t)

.

1. If f(.) = F ′(.) is increasing (decreasing) in t, then h(.) is increasing (decreasing) in t.

2. If
f(t)t2

F 2(t)
is increasing (decreasing) in t, then h(.) is convex (concave) in t.

Proof. Since h(t) = t
F−1(t)

, we can define x(t) = F−1(t) so that h(x(t)) = F (x(t))
x(t)

. By chain
rule,

h′(t) =
xf(x)− F (x)

x2
x′(t) =

xf(x)− F (x)

f(x)x2
.

Observe that if the density f(.) is increasing, then

F (x) =

∫ x

0

f(t)dt ≤
∫ x

0

f(x)dt = xf(x)

so that xf(x) − F (x) ≥ 0 for all x ∈ [0, 1]. It follows then that h′(t) ≥ 0 in this case and
thus, h(.) is also increasing. An analogous argument applies in case the density is decreasing.
This proves the first part.
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For the second part, we differentiate again to get

h′′(t) =
f(x)x2(xf ′(x) + f(x)− f(x))− (xf(x)− F (x))(2xf(x) + x2f ′(x))

f 2(x)x4
x′(t)

=
x3f(x)f ′(x)− (xf(x)− F (x))(2xf(x) + x2f ′(x))

f 3(x)x4

=
−2x2f 2(x) + 2xf(x)F (x) + x2f ′(x)F (x)

f 3(x)x4

=
2f(x)(F (x)− xf(x)) + xf ′(x)F (x)

f 3(x)x3

=
1

(xf(x))2

(
2(F (x)− xf(x))

x
+

f ′(x)F (x)

f(x)

)
It follows then that if xf ′(x)F (x) ≥ 2f(x)(xf(x)−F (x)) for all x ∈ [0, 1], then h′′(t) ≥ 0

for all t ∈ [0, 1]. Now the condition xf ′(x)F (x) ≥ 2f(x)(xf(x)− F (x)) for all x ∈ [0, 1] can
be written as

f ′(x)

f(x)
≥ 2

(
f(x)

F (x)
− 1

x

)
for all x ∈ [0, 1]. This is equivalent to saying the derivative ln(f(x)x

2

F 2(x)
) is positive for all x.

Because ln(.) is monotonic transformation, we get that if f(x)x2

F 2(x)
is increasing in x, h(.) is

convex. An analogous argument applies in case f(x)x2

F 2(x)
is decreasing.

Lemma 3. Suppose f : [0, 1] → R is such that

1.
∫ 1

0
f(x)dx = 0,

2. ∃c ∈ (0, 1) such that f(x) ≤ 0 for x ≤ c and f(x) ≥ 0 for x ≥ c.

Then, for any increasing (decreasing) function g : [0, 1] → R,∫ 1

0

f(x)g(x)dx ≥ (≤)0.

Proof. Consider the case where g : [0, 1] → R is increasing. In this case,

∫ 1

0

f(x)g(x)dx =

∫ c

0

f(x)g(x)dx+

∫ 1

c

f(x)g(x)dx

≥
∫ c

0

f(x)g(c)dx+

∫ 1

c

f(x)g(c)dx

= g(c)

∫ 1

0

f(x)dx

= 0.

When g : [0, 1] → R+ is decreasing, the second inequality is reversed.
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B Proofs for Section 3 (Equilibrium)

Lemma 4. Suppose there are n agents and the distribution of abilities F (.) satisfies As-
sumption 1. For any contest v, there is a unique symmetric Bayes-Nash equilibrium and it
is given by

gv(θ) =
n∑

i=1

vimi(θ)

where

mi(θ) = −
∫ 1

F (θ)

p′i(t)

F−1(t)
dt.

Proof. Suppose n− 1 agents are playing a strategy g : [0, 1] → R+ so that if an agent’s type
is θ, it exerts effort g(θ). Further suppose that g(θ) is decreasing in θ. Now we want to find
the remaining agent’s best response to this strategy of the other agents. If the agent’s type
is θ and it pretends to be an agent of type t ∈ [0, 1], its payoff is

n∑
i=1

vipi(F (t))− θg(t)

where pi(t) =
(
n−1
i−1

)
ti−1(1 − t)n−i is the probability that a random variable X following

Bin(n−1, t) takes the value i−1. Taking the first order condition, we get
∑n

i=1 vip
′
i(F (t))f(t)−

θg′(t) = 0. Now we can plug in t = θ to get the condition for g(θ) to be a symmetric Bayes-
Nash equilibrium. Doing so, we get

n∑
i=1

vip
′
i(F (θ))f(θ)− θg′(θ) = 0

so that

−
n∑

i=1

vi

∫ 1

θ

p′i(F (t))f(t)

t
dt = g(θ)

which can be equivalently written as

−
n∑

i=1

vi

∫ 1

F (θ)

p′i(t)

F−1(t)
dt = g(θ).

Let us now check that the second order condition is satisfied. Differentiating the lhs of
the foc, we get

n∑
i=1

vi(p
′
i(F (t))f ′(t) + f(t)p′′i (F (t))f(t))− θg′′(t).

From the foc, we have that g satisfies
∑n

i=1 vi(p
′
i(F (t))f ′(t)+f(t)p′′i (F (t))f(t)) = tg′′(t)+g′(t).

Thus, when we plug in t = θ in the soc, we get g′(θ) which we know is < 0. Thus, the second
order condition is satisfied.
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Theorem 1. Suppose there are n agents and the distribution of abilities F (.) satisfies As-
sumption 1. Let h(t) = t

F−1(t)
.

1. E[m1(θ)] > 0.

2. E[mn(θ)] < 0.

3. If h(t) is increasing, E[mi(θ)] > 0 for any i ∈ {2, . . . , n− 1}.

4. If h(t) is decreasing, E[mi(θ)] < 0 for any i ∈ {2, . . . , n− 1}.

Proof. We first show that under Assumption 1, limθ→0mi(θ)F (θ) = 0 for any i ∈ {1, 2, . . . , n}.
If mi(0) is finite, we are done. Otherwise, we have

lim
θ→0

mi(θ)F (θ) = lim
θ→0

mi(θ)
1

F (θ)

= lim
θ→0

−m′
i(θ)F

2(θ)

f(θ)

= lim
θ→0

−p′i(F (θ))F 2(θ)

θ
= lim

θ→0
−
(
p′′i (F (θ))F 2(θ)f(θ) + 2p′i(F (θ))F (θ)f(θ)

)
= 0

Given this, we get that for any i ∈ {1, 2, . . . , n},

E[mi(θ)] =

∫ 1

0

mi(θ)f(θ)dθ

= mi(θ)F (θ)|10 −
∫ 1

0

m′
i(θ)F (θ)dθ

= −
∫ 1

0

p′i(F (θ))

θ
f(θ)F (θ)dθ

= −
∫ 1

0

p′i(t)

F−1(t)
tdt

= −
∫ 1

0

p′i(t)h(t)dt.

where h(t) = t
F−1(t)

.

1. For the first prize, p′1(t) < 0 for all t ∈ [0, 1] and therefore, E[m1(θ)] > 0.

2. For the last prize, p′n(t) > 0 for all t ∈ [0, 1] and therefore, E[mn(θ)] < 0.

3–4 For any intermediate prize i ∈ {2, 3, . . . , n − 1}, observe that
∫ 1

0
p′i(t)dt = 0 and also

there exists c ∈ [0, 1] such that p′i(t) > 0 for t ≤ c and p′i(t) < 0 for t ≥ c. The result
then follows from Lemma 3.

20



Theorem 2. Suppose there are n agents and the distribution of abilities F (.) satisfies As-
sumption 1. Let h(t) = t

F−1(t)
.

1. E[m1(θ)] > E[mi(θ)] for any i ∈ {2, . . . , n}.

2. If h(t) is concave, E[mi(θ)] > E[mj(θ)] for any i < j and i, j ∈ {2, . . . , n− 1}.

3. If h(t) is convex, E[mi(θ)] < E[mj(θ)] for any i < j and i, j ∈ {2, . . . , n− 1}.

Proof. We prove each of the claims in order.

1. For any i ∈ {2, . . . , n− 1},

E[m1(θ)]− E[mi(θ)] =

∫ 1

0

(p′i(t)− p′1(t))
t

F−1(t)
dt

Plugging in k = 1 in Lemma 1, we get that
∫ 1

0
tp′i(t) = − 1

n
and therefore,

∫ 1

0
(p′i(t) −

p′1(t))tdt = 0. We also know that there exists c ∈ [0, 1] such that (p′i(t)−p′1(t))t > 0 for
t < c and (p′i(t)− p′1(t))t < 0 for t > c. Since 1

F−1(t)
is a monotone decreasing function,

we can apply Lemma 3 to get the result.

2–3 By Assumption 1, we know that limθ→0
θ2

F−1(θ)
= 0. Since pi(t)h(t) =

(
n−1
i−1

) ti(1−t)n−i

F−1(t)
,

we have limt→0 pi(t)h(t) = 0 for any i ∈ {2, . . . , n− 1}.
Given this, we have that for any i, j ∈ {2, . . . , n− 1} with i < j,

E[mi(θ)]− E[mj(θ)] =

∫ 1

0

(p′j(t)− p′i(t))h(t)dt

= (pj(t)− pi(t))h(t)|10 −
∫ 1

0

(pj(t)− pi(t))h
′(t)dt

=

∫ 1

0

(pi(t)− pj(t))h
′(t)dt

Now
∫ 1

0
(pi(t)− pj(t))dt = 0 and there exists c ∈ [0, 1] such that (pi(t)− pj(t)) ≥ 0 for

t ≤ c and (pi(t)− pj(t)) ≤ 0 for t ≥ c. Thus, we can apply Lemma 3 to get the result.
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C Proofs for Section 4 (Grading contests)

Lemma 5. Suppose w(.) is a monotone decreasing wage function and let

v∗i = E[w(θ)|θ = θ(i)].

Under Assumption 2, any grading contest G = (n1, n2, . . . , nm) induces a monotone decreas-
ing prize vector v(G) = (v(G)1, v(G)2, . . . , v(G)n) where

v(G)i =
v∗nj−1+1 + v∗nj−1+2 + · · ·+ v∗nj

nj − nj−1

and j is such that nj−1 < i ≤ nj.

Proof. Consider first the contest G∗ = (1, 2, . . . , n) that reveals the individual ranks of all
participants. By Assumption 2, this rank revealing grading contest induces the prize vector
v∗ = (v∗1, v

∗
2, . . . , v

∗
n) where

v∗i = E[w(θ)|θ = θ(i)].

Note here that since θ(i) is stochastically dominated by θ(j) for all i < j and w(.) is
monotone decreasing, the prize vector v∗ induced by the rank revealing contest is such that
v∗1 > v∗2 · · · > v∗n.

Now we can describe the prize vector v(G) induced by an arbitrary grading contests G
in terms of v∗i as defined above. An arbitrary grading contest G = (n1, n2, . . . , nm) induces
the prize vector v(G) = (v(G)1, v(G)2, . . . , v(G)n) where

v(G)i =
v∗nj−1+1 + v∗nj−1+2 + · · ·+ v∗nj

nj − nj−1

and j is such that nj−1 < i ≤ nj. This is because if an agent gets grade sj in the grading
contest G = (n1, n2, . . . , nm), then the market learns that the agent’s rank must be one of
{nj−1 + 1, . . . , nj}, and further, it is equally likely to be ranked at any of these positions.
The representation above then follows from Assumption 2 which says that the value of a
grade is equal to the agent’s expected wage under the posterior induced by the grade. The
monotonicity of the induced prize vector v(G) follows from the monotonicity of v∗.

Theorem 3. Suppose there are n agents and the distribution of abilities F (.) satisfies As-
sumption 1. Let w(.) be a monotone decreasing wage function and h(t) = t

F−1(t)
.

1. If h(t) is increasing and concave, then the grading contest G = (1, 2, . . . , n) maximizes
expected effort among all grading contests.

2. If h(t) is increasing and convex, then the grading contest G = (1, n− 1, n) maximizes
expected effort among all grading contests.
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3. If h(t) is decreasing and concave, then there exists k ∈ {1, 2, . . . , n} such that the grad-
ing contest G = (1, 2, . . . , k, n) maximizes expected effort among all grading contests.

4. If h(t) is decreasing and convex, then there exists k ∈ {1, 2, . . . , n} such that the grading
contest G = (1, k, n) maximizes expected effort among all grading contests.

Proof. Given distribution F , let λi = E[mi(θ)]. Also, let v∗i = E[w(θ)|θ = θ(i)]. Then, the
expected effort under any grading contest G = (n1, n2, n3, . . . , nm) is given by

n∑
i=1

λiv(G)i.

where

v(G)i =
v∗nj−1+1 + v∗nj−1+2 + · · ·+ v∗nj

nj − nj−1

and j is such that nj−1 < i ≤ nj.
First, we show that the best performing agent must be uniquely identified under any dis-

tribution of abilities F . Suppose that G is any grading contest in which the best performing
agent is pooled with k > 0 other agents so that the top k + 1 agents get a common grade.
Consider the grading contest G′ which is the same as G except it uniquely identifies the best
performing agent and pools the next k agents together. Then,

v(G)i =
v∗1 + v∗2 + · · ·+ v∗k+1

k + 1

for i ∈ {1, 2, . . . , k + 1} while

v(G′)1 = v∗1 and v(G′)i =
v∗2 + v∗3 + · · ·+ v∗k+1

k

for i ∈ {2, . . . , k + 1}.
Clearly, the rest of the prizes remain the same under G and G′. Observe that the sum

of the first k + 1 prizes is also same. Importantly, v(G′) can be obtained from v(G) by a
sequence of transfers from prizes 2, 3, . . . , k + 1 to prize 1. Since we know that λ1 > λj for
any j ∈ {2, . . . , n} (Theorem 1), each of these transfers leads to an increase in expected ef-
fort. Thus, an effort maximizing grading contest must uniquely identify the best performing
agent, irrespective of the prior distribution of abilities F .

In order to say something more about the structure of the optimal grading contest, we will
have to make some distributional assumptions. Next, we prove the claims in the statement
of the theorem in order.

1. When h(t) is increasing and concave, we know from Theorems 1 and 2 that

λ1 > λ2 > · · · > λn−1 > 0 > λn.
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We already know that the first agent must be uniquely identified. Given that, we
can essentially apply the same reasoning as above to get that the second agent must
also be uniquely identified. Repeating this process, we get that the rank-revealing or
no-pooling grading contest G = (1, 2, . . . , n) maximizes expected effort.

2. When h(t) is increasing and convex, we know from Theorems 1 and 2 that

λ1 > λn−1 > · · · > λ2 > 0 > λn.

We already know that the first agent must be uniquely identified. Let us now show
that the last agent must also be uniquely identified. Suppose that G is any grading
contest in which the worst performing agent is pooled with k > 0 other agents so that
the last k + 1 agents get a common grade. Consider the grading contest G′ which is
the same as G except it uniquely identifies the worst performing agent and pools the
previous k agents together. Then,

v(G)i =
v∗n−k + v∗n−k+1 + · · ·+ v∗n

k + 1

for i ∈ {n− k, . . . , n} while

v(G′)n = v∗n and v(G′)i =
v∗n−k + v∗n−k+1 + · · ·+ v∗n−1

k

for i ∈ {2, . . . , k + 1}.
Now note that v(G′) can be obtained from v(G) by a sequence of transfers from prize
n to prizes n− k, n− k+1, . . . , n− 1. Since each of these transfers increases expected
effort, we get that the effort induced by G′ is greater than that induced by G. Thus,
an optimal grading contest must uniquely the worst performing agent.

So we now know that the optimal grading contest must uniquely identify the best and
worst performing agent and therefore, must take the form G = (1, n2, n3, . . . , n− 1, n).
Consider now the contest G′ = (1, n2+n3, . . . , n−1, n). Writing down the prize vector
induced by these contests, we can check that v(G′) can be obtained from v(G) by a
sequence of transfers from prizes 2, 3, . . . , n2 to prizes n2 + 1, . . . n3. Since λ2 < λ3 <
· · · < λn3 , we get that each of these transfers leads to an increase in expected effort.
Thus, G′ induces greater expected effort. It follows then that the optimal grading
contest must be one that pools together all the middle ranked agents. Formally, the
optimal grading contest is G = (1, n− 1, n).

3. When h(t) is decreasing and concave, we know from Theorems 1 and 2 that

λ1 > 0 > λ2 > λ3 > · · · > λn−1 and 0 > λn.

In this case, we do not know exactly how the effect of the last prize compares with
that of the intermediate prizes. We want to show that all agents who are not clubbed
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with the last agent are uniquely identified. We already know that the first agent must
be uniquely identified. Consider any such grading contest G = (1, n2, n3, . . . , k, n)
that pools agents from k + 1 to n with a common grade. Now consider the contest
G′ = (1, 2, 3, . . . , k, n) that uniquely identifies all the agents up to agent k. We can
check that v(G′) can be obtained from v(G) by a sequence of transfers from lower
ranked prizes to better ranked prizes. Thus, G′ induces greater effort than G. It
follows that the optimal grading contest must take the form G = (1, 2, . . . , k, n) for
some k ∈ {1, 2, . . . , n− 1}.

4. When h(t) is decreasing and convex, we know from Theorems 1 and 2 that

λ1 > 0 > λn−1 > λn−2 > · · · > λ2 and 0 > λn.

Again, we do not know exactly how the effect of the last prize compares with that of
the intermediate prizes. We want to show that all agents, except the first, who are not
clubbed with the last agent are pooled together with a common grade. We already
know that the first agent must be uniquely identified. Consider any such grading
contest G = (1, n2, n3, . . . , k, n) that pools agents from k + 1 to n with a common
grade. Now consider the contest G′ = (1, k, n) that pools together all the agents,
except the first, up to agent k. We can check that v(G′) can be obtained from v(G)
by a sequence of transfers from better ranked prizes to lower ranked prizes. Since each
of these transfers increases expected effort, G′ induces greater expected effort than G.
It follows that the optimal grading contest must take the form G = (1, k, n) for some
k ∈ {1, 2, . . . , n− 1}.
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